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$-\triangle u=|u|^{p-1}u$ , $x\in\Omega$ ,
$u=0$ , $x\in\partial\Omega$ ,
$u(gx)=u(x)$ , $g\in G,$ $x\in\Omega$ ,
, $\Omega\equiv\{x\in \mathbb{R}^{n} : |x|<1\},$ $n\geq 2,1<p<(n+2)/(n-2)$ $O(n)$ $n\mathrm{x}n$
, $G$ $O(n)$
(1) $G$ invariant solution $G$ invariant solution
. $G$ invariant ,
1. $n\geq 2,1<p<(n+2)/(n-2)$ , $G$ $O(n)$
, (1) $\{u_{k}\}_{k=1}^{\infty}$ ,
$0<||u_{1}||H_{0}^{1}(\Omega)<||u_{2}||H^{1}(0\Omega)<\cdots\nearrow\infty$
$||\cdot||_{H_{0}^{1}(}\Omega$)
1. $p\geq(n+2)/(n-2)$ (1) Pohozaev identity
[4]
1. $G=\{e, -e\}$ ( , $e$ ) , (1)
2. $m\geq 2$
$G=\{$$|$ : $l=0,1,2,$ $\cdots,$ $m-1\}$ .
(1) $\{u_{k}\}_{k=1}^{\infty}$ $u_{k}(x_{1}, x2, \cdots, xn)$ $x_{1},$ $x_{2}$ $\frac{2\pi}{m}$
.
$H_{0}^{1}(\Omega, c)\equiv\{u\in H_{0}^{1}(\Omega):u(gx)=u(x) (^{\forall}g\in G^{\forall},x\in\Omega)\}$
$I(u) \equiv\int_{\Omega}(\frac{1}{2}|\nabla u|^{2}-\frac{1}{p+1}|u|p+1\mathrm{I}^{dX},$ $u\in H_{0}^{1}(\Omega, c)$ ,
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, $I(\cdot)$ $H_{0}^{1}(\Omega, G)$ $C^{1}$ Palais-
Smale $u(x)$ (1) , $u$ $I$‘ $(u)=0$
$1<p<(n+2)/(n-2)$ $H_{0}^{1}(\Omega)$ $C^{2}$
regularity theory $\mathrm{G}$ invariant





$-\triangle\emptyset=\lambda\phi$ , $x\in\Omega$ ,
$\phi=0$ , $x\in\partial\Omega$ ,
$\phi(gx)=\phi(x)$ , $g\in G,$ $x\in\Omega$ ,
$\{\lambda_{k}\}_{k=1}^{\infty}$ ( $0<\lambda_{1}<\lambda_{2}\leq\lambda_{3}\leq\cdots$ ) ,
$c_{1},$ $c_{2}>0$
$c_{1}k^{\frac{2}{n}}\leq\lambda_{k}\leq C_{2}k^{\frac{2}{n}}$ , $(k=1,2,3, \cdots)$ .
1
2. $S^{n-1}=\{x\in \mathbb{R}^{n} : |x|=1\}$ $G$ $O(n)$
$G=\{g_{0}, g_{1}, \cdots , g_{m}\}$ $\sigma_{0}\in S^{n-1}$
(3) $g_{i}\sigma_{0}\neq g_{j}\sigma_{0}$ $(i\neq j)$
. $g\in O(n)$
$F(g)=\{\sigma\in S^{n-}1:g\sigma=\sigma\}$
$F(g)$ $S^{n-1}$ $g$ $F(g)$ $S^{n-1}$
$M=\{x\in \mathbb{R}^{n} : gx=x\}$ $\mathbb{R}^{n}$
$M$ $M=\mathbb{R}^{n}$ $gx=x$ $x\in \mathbb{R}^{n}$
$g$ .
$G=\{g_{0},$ $g_{1,\cdots,g\}}m$ $G$ $g_{0}$
$F(g_{i})$ $(i=1,2, \cdots, m)$ $S^{n-1}$
$S^{n-1}$ Baire $S^{n-1} \neq\bigcup_{i=1}^{m}F(gi)$
(4) $\sigma_{0}\in s^{n-1}\backslash i=\bigcup_{1}F(g_{i})m$
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(3) $i,$ $j(0\leq i,j\leq m)$ $g_{i}\sigma_{0}=g_{j}\sigma_{0}$ $.\text{ }$
$g_{j}^{-1}g_{i}\sigma_{0=}\sigma_{0}$ $G$ $g_{j}^{-1}g_{i}\in G$ $l$ $g\iota=g_{j}^{-1}gi$
$g_{l}\sigma 0=\sigma 0$ (4) $l=0,$ $g_{l}$ $g_{i}=g_{j}$
$i=j$ (3) ( 2 )
1 . $x$ $r$ $B(x, r)$
$B.(.x, r)=\{y\in \mathbb{R}^{n} : |x-y|<r\}$ .
2 $\sigma_{0}$ $\epsilon>0$
(5) $B(gi\sigma 0, \in)\cap B(gj\sigma 0, \epsilon)=\emptyset$ $(i\neq j)$
cone
Ci $=\{\lambda\tau : 0<\lambda<1, \tau\in B(g_{i}\sigma 0, \in)\mathrm{n}s^{n-}1\}$ . ${ }$
(5) $C_{i}\cap C_{j}=\emptyset(i\neq$ $g_{i}$ $g_{i}C_{0}=Ci$
$u\in H_{0}^{1}(c_{0})$
$\{$
$\tilde{u}(g_{i}x)=u(x)$ $(x\in C_{0}, i=1, \cdots, m)$
$\tilde{u}(x)=0$ $(x \not\in\bigcup_{i=}^{m_{0}}c_{i})$
$\overline{u}$ $\overline{u}\in H_{0}^{1}(\Omega, G)$
$\tilde{H}_{0}^{1}(C_{0})=\{\tilde{u}:u\in H_{0}^{1}(C_{0})\}$
(6) $\tilde{H}_{0}^{1}(C_{0})\subset H^{1}0(\Omega, G)$
(2) $u_{1},$ $\cdots,$ $u_{k}\in H_{0}^{1}(\Omega, c)$
(7) $d(u_{1}, \cdots, u_{k})=\inf\{\frac{||\nabla u||^{2}2}{||u||_{2}^{2}} : u\in H_{0}^{1}(\Omega, c), (u, u_{i})_{L^{2}}=0 (i=1, \cdots, k)\}$
$d(u_{1}, \cdots, u_{k})$ $(u, v)_{L^{2}}$ $u,$ $v$
$L^{2}$ (2)
$\lambda_{k}$
(8) $\lambda_{k}=\sup\{d(u_{1,k}\ldots, u) : u_{1}, \cdots, u_{k}\in H_{0}^{1}(\Omega, G)\}$
([1] ) (7),(8) $H_{0}^{1}(\Omega, G)$ $\tilde{H}_{0}^{1}(C_{0})$
$\tilde{d},\tilde{\lambda}_{k}$ (6)
(9) $\lambda_{k}\leq\tilde{\lambda}_{k}$ $(k=1,2,3, \cdots)$
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$\circ$
$\tilde{\lambda}_{k}$ C0 Dirichlet Laplacian
$\{$
$-\triangle\emptyset=\lambda\phi$ , $x\in C_{0}$ ,
$\phi=0$ , $x\in\partial C0$ ,
k $c>0$
(10) $\tilde{\lambda}_{k}\leq ck^{\frac{2}{n}}$
([1]) (9), (10) $\lambda_{k}\leq ck^{\frac{2}{n}}$
$\lambda_{k}$ $H_{0}^{1}(\Omega, G)\subset H_{0}^{1}(\Omega)$ (7),(8)
$H_{0}^{1}(\Omega, G)$ $H_{0}^{1}(\Omega)$ $e(u_{1}, \cdots , u_{k}),$ $\mu_{k}$ $\mu_{k}\leq\lambda_{k}$
$\mu_{k}$
$\{$
$-\triangle\emptyset=\mu\phi$ , $x\in\Omega$ ,




$\mathrm{G}$ invariant critical values genus $\circ$
1. $H_{0}^{1}(\Omega, c)$ $A$ $\mathrm{O}\not\in A$ $u\in A$ $-u\in A$
$Sym(H_{0^{1}}(\Omega, G))$
$Sym(H^{1}(0\Omega, c))\equiv$ { $A:$ $A$ is closed in $H_{0}^{1}(\Omega,$ $G),$ $\mathrm{o}\not\in A,$ $u\in A$ implies - $u\in A$}
$A\in Sym(H_{0}^{1}(\Omega, c))$
$\gamma(A)=\min${$m:A$ $\mathbb{R}^{m}\backslash \{0\}$ }
$\gamma(A)$ $A$ genus ([5, $\mathrm{p}45]$ )






(ii) $\alpha_{k}=\alpha_{k+1}=\cdots=\alpha k+j.\text{ }\gamma(K)\geq j+1$
$K=\{u\in H_{0}^{1}(\Omega, c) : I(u)=\alpha_{k}, I’(u)=0\}$
(iii) $\alpha_{k}$ $I(\cdot)$ critical value $\alpha_{k}$ $I(u_{k})=\alpha_{k}$ ,
$I’(u_{k})=0$ $u_{k}(\in H_{0}^{1}(\Omega, G))$ $\circ$
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(iv) $c>0$ $\alpha_{k}\leq ck^{\frac{2(\mathrm{p}+1)}{n(p-1)}}$ $(k=1,2,3, \cdots)$
. (2) $\{\lambda_{k}\}_{k=1}^{\infty}(0<\lambda_{1}<\lambda_{2}\leq$
$\lambda_{3}\leq\cdots)$ $\lambda_{k}$ $\phi_{k}$
$E=H_{0}^{1}(\Omega, c)$ , $E_{k}=span\{\phi_{1}, \cdot*\cdot, \emptyset k\}$
$||\cdot||_{q}$ $L^{q}$ $||\cdot||l\mathrm{h}_{\text{ }}H_{0}^{1}(\Omega, G)$
$||u||=||U||_{H_{0^{1}}()}\Omega,G=||\nabla u||_{2}$ . $k$ $R_{k}>0$
(11) $I(u)\leq 0$ $(||u||\geq R_{k}, u\in E_{k})$
$E_{k}$ $||\cdot||_{H_{0}^{1}(}\Omega$) $||\cdot||_{L^{p+1}}$
( $1<P<(n+2)/(n-2)$ )
$\exists_{c_{1}(k}),$ $C_{2}(k)>0:c_{1}||u||_{H_{0}^{1}}(\Omega)\leq||u||_{L^{p+}}1\leq c_{2}||u||_{H_{0}^{1}(}\Omega)$ $(u\in E_{k})$
$I(u) \leq\frac{1}{2}||u||_{H}2-0^{1}(\Omega)\frac{c_{1}^{p+1}}{p+1}||u||^{p+}H_{0}11(\Omega)$
$||u||_{H_{0}^{1}}(\Omega)\geq((p+1)/(2c_{1}^{\mathrm{P}})+1)1/(p-1)$ $I(u)\leq 0$ (11) (11)
$R_{k}$ $0<R_{1}<R_{2}<R_{3}<\cdots\nearrow\infty$ 3
$\alpha_{k}$
$D_{k}=\{u\in E_{k} : ||u||\leq R_{k}\}$
$\Gamma_{k}=$ {$h:h$ Dk E $||u||=R_{k}$ $h(u)=u$ }
$\alpha_{k}=\inf_{h\in k}\max_{u\in D_{k}}I(h(u))$ $(k=1,2,3, \cdots)$
3 $(\mathrm{i})_{\text{ }}(\mathrm{i}\mathrm{i})_{\text{ }}$ (iii) [5, Theorem 9.12] (iv)




$\exists_{C>0:}$ $||u||_{2}\leq C||u||p+1$ $(u\in L^{p1}+(\Omega))$
$E_{k}$
$||\nabla u||_{2}2\leq\lambda_{k}||u||_{2}^{2}$ $(u\in E_{k})$
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$c\lambda_{k}^{-\epsilon_{\frac{+1}{2}}}||\nabla u||_{2}p+1\leq||u||_{p+1}p+1$ $(u\in E_{k})$
$c$ $u,$ $k$
(13) $I(u) \leq\frac{1}{2}||\nabla u||_{2}^{2}-C\lambda^{-}k\mathrm{L}+\underline{1}2||\nabla u||_{2}p+1$ $(u\in E_{k})$
$\circ$





1 3 (iv) ( 3 )
3 $\mathrm{G}$ invariant critical values
4. (1) $k$ $u(\mathrm{O})>0$ 1
k $v_{k}$ $\text{ }$ , (1)
$\{v_{k} : k=1,2, \cdots\}\cup\{-v_{k} : k=1,2, \cdots\}\cup\{0\}$
$\beta_{k}=I(v_{k})=I(-v_{k})$
(i) $0<\beta_{1}<\beta_{2}<\beta_{3}<\cdots\nearrow\infty$.
(ii) $I(v_{k})=\beta_{k}$ , $I’(v_{k})=0$ .
(iii) $\exists_{A},$ $\exists_{B}>0^{l}$. $Ak^{\frac{2(\mathrm{p}+1)}{p-1}}\leq\beta_{k}\leq Bk^{\frac{2(\mathrm{p}+1)}{p-1}}$ $(k=1,2,3, \cdots)$ .
. (1) $u=u(r),$ $r=$




– $r\in[0, \infty)$ $w(r)$
$w(r)$ $s_{1}<s_{2}<s_{3}<\cdots$
$\lambda^{2/(p-1}$ ) $w(\lambda r)(\lambda>0)$ (14)
$v_{k}(r)\equiv S^{2}w(k^{/(-}p1)skr)$
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$v_{k}$ (14)$-(15)$ (i), (ii) $u(\mathrm{O})>0$
$[0,1]$ $k$ (14)$-(15)$ $v_{k}$ (





) ’ ( 4 )
1 . $\{\alpha_{k}\}$ $G$ invariant critical value – $\{\beta_{k}\}$
critical value $\{\alpha_{k}\}\backslash \{\beta_{k}\}$
$\{\gamma_{k}\}$
$\gamma_{k}$ critical value 1
$u_{k}$
1 k k\geq k $\alpha_{k}$ critical point
(17) $\{\alpha_{k} : k\geq k_{0}\}\subset\{\beta k:k=1,2,3, , . .\}$ .
$k(\geq k_{0})$ $.j$ \alpha k $=\alpha_{k+1}=...=\alpha_{k+j}$ 3
$\gamma(K)\geq j+1$
$K=\{u\in H_{0}^{1}(\Omega, c) : I(u)=\alpha_{k}, I’(u)=0\}$
(17) $l$ $\alpha_{k}=\beta\iota$ critical point
$K=\{v_{\mathrm{t}}, -v_{l}\}$ genus $K$ genus $\gamma(K)=1$
$\gamma(K)\geq j+1$ $\alpha_{k}<\alpha_{k+1}$ $(k\geq k_{0})$ (17)
$\{n_{j}\}_{j=1}^{\infty}(n_{1}<n_{2}<\cdots)$




$Aj^{\frac{2(\mathrm{p}+1)}{\mathrm{p}-1}} \leq c(k_{0}+j)\frac{2(p+1)}{n(\mathrm{p}-1)}$ $(j=1,2,3, \cdots)$ .
$n\geq 2$ 1 1
( 1 )
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